In this paper we consider a simple formula for analytic continuation in a domain D ⊂ C of special form.
Introduction
Integral representations of holomorphic functions solve the classical problem on restoring a holomorphic function in a domain D by its values on ∂D. Connected with this problem, there is another one: restore holomorphic function in D by its values on a set Γ ⊂ ∂D.
The first result of such type was obtained by Carleman [C] for a plain domain D of special form. His idea of using extinguishing functions was developed in the article of Goluzin and Krylov [GK] and by Fok and Kuni [FK] for simply connected plain domains of special form. This method provides an extinguishing function for any subset Γ of ∂D of positive measure. Another method was proposed by Lavrent'ev in 1956 [LRS] .
All these formulas and some their applications can be found in the book of Aizenberg [A] .
In this notice we show a simple trick to construct Carleman formula for lunes.
Analytic continuation
Let C be the complex plane of z = x + ıy, where x, y ∈ R. For an open set D, denote by O(D) the space of functions holomorphic in D. Write ∂ for the Cauchy-Riemann operator
Let Γ be a subset of ∂D. The problem of analytic continuation from Γ into D consists in the following. Given a function u 0 ∈ C(Γ), find a function
One easily specifies this problem within Cauchy problems for solutions of elliptic equations.
Carleman formula
Let Γ be a smooth curve in the unit disk B(0, 1) dividing B(0, 1) into two domains. Denote by D those of these domains which does not contain the origin. Such domains D are referred to as lunes. And let
be a smooth curve with end point the origin, which lies in B(0, 1) \ D (see Fig. 1 ). Let Γ and γ intersect transversally at the origin. Fix now any curve γ with these properties. (t) ) the circle in C with center at the point γ(t) and with radius dist(γ(t), ∂B(0, 1)).
Lemma 2.1. For any z ∈ D, there exists point γ(t 0 ) such that z ∈ B(γ(t 0 )).
Proof. Proof by contradiction: suppose there is a point z ∈ D such that z / ∈ B(γ(t)) for all t ≥ 0, then
Let t → 0. Then we have |z| ≥ 1, |z| < 1.
Obtained contradiction proofs this lemma. Take any numerical sequence γ(t N ) = (x(t N ), y(t N )), N ∈ N, t N ≥ 0 such that lim
holds for any point z ∈ D, where the convergence is uniform in z on compact subsets of D.
Proof. Fix z ∈ D. Choose N large enough, so that z ∈ B(γ(t N )). Expand the Cauchy kernel as Laurent series in the variable ζ in the complement of the disk B(γ(t N )) by 1
Consider the sequence of kernels
which we call Carleman kernel. Using the geometric sum formula, we make the following transformation of Carleman kernels (2.1)
Fix any compact K ⊂ D. We see that the second integral from the left-hand side in (2.2) tends to zero uniformly on K, because q K = max z∈K,ζ∈∂D\Γ |z| |ζ| < 1.
And from the holomorphy of the function u(ζ)
, for all N ∈ N, and form the Cauchy formula we conclude that the integral over ∂D equals u(z) in the domain D.
We thus arrive at the desired formula Remark 2.4. If z = 0 does not belong to D then our Carleman formula recovers one of the formulas in [A] .
